Projective Manifolds with splitting Tangent Bundle, I 
Frederic Campana and Thomas Peternell 



Introduction 

t-H ! 

A fundamental theorem in differential geometry due to de Rham investigates complete 
£Sj 1 Riemannian manifolds X whose tangent bundles split into a direct sum of subbundles 
which all are invariant under the holonomy. Under these assumptions the universal cover 
of X splits as a product of Riemannian manifolds and this splitting is compatible with 
the splitting of the tangent bundle of X. The same holds in the complex case for Kahler 
(~\| \ manifolds. 

In this paper we investigate the more general situation when X is a complex projective 
^ \ manifold whose tangent bundle splits: Tx = However we do not make any assump- 

tion on holonomy or on integrability of the subbundles E{. 

Problem Does the universal cover X of X split, i.e. is there a decomposition X = Yli=i Ai 
, with complex manifolds A{t 

Note that we should not ask for a relation between the splitting of X and the splitting of 
Tx because the Ei might not be integrable. If however the E\ are integrable, then we can 
ask additionally whether the decomposition of T x is induced by the decomposition of Tx- 
In that case we speak of a diagonal splitting (with respect to the splitting on Tx)- 

o : 

Of course this problem makes sense also for compact Kahler manifolds but our results will 
mainly concern the projective case. Surprisingly, this very fundamental problem has not 
^ . yet been studied much. 

Beauville [Be99] proved that the problem has a positive solution if X is Kahler-Einstein 
or if dimX = 2 (X Kahler). He also pointed out that in general, with X just being a 
compact manifold, the problem will have a negative answer. Hopf manifolds provide the 
^ ■ easiest examples. 

Next, Druel [Dr99] investigated projective manifolds whose tangent bundles decom- 
pose into a direct sum of line bundles Li. He gave a positive solution of the problem, even 
in the strong form, if either all subbundles formed by direct sums of the Li are integrable 
or if X is minimal, i.e. Kx is nef (e.g. X has seminegative Ricci curvature). 

The main results of this paper ar as follows. 

Proposition Let X be a smooth projective threefold with a splitting Tx = L © V where L 
is a line bundle. Letip : X — >Y be a birational contraction in the sense of Mori theory, i.e. 
—Kx is (p— ample. Then Y is smooth, tp is the blow-up along a smooth curve; L' = tp*(L) 
and V = <p*{y)** are locally free with L = <p*(L') such that 

Ty = L' @ V. 
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Moreover if the universal cover Y of Y splits (diagonally with respect to Ty = L' © V ), 
then X splits (diagonally with respect to Tx = L © V). 

The content of this proposition is that (by Mori theory) either we are reduced to 
uniruled threefolds admitting a Mori contraction to a curve or a surface or that Kx is nef. 
In the first case we have 

Theorem Let X be a smooth projective threefold with k(X) = — oo. Suppose Tx = L © V. 
Then X splits. The splitting is diagonal with respect to Tx = L © V unless the following 
holds: X is the successive blow-up along smooth curves in a smooth projective threefold 
Y , the splitting Tx = L © V induces canonically a splitting Ty = L' © V' and there is a 
P i — bundle structure ip : Y — >Z such that L' = T Y / Z . 

We also have general results on projective bundles in any dimension, see sect. 2. 

In case Kx nef, the Beauville decomposition theorem takes care of the case c\{X) = 0. 
Here we concentrate on the case dimX = 3 and k(X) = 3, so that Kx is big and nef. The 
intermediate case k(X) = 1,2 will be treated in the second part to this paper. If now K x 
is ample, then X admits a Kahler-Einstein metric, and Beauville's result in [Be99] settles 
the problem. So suppose that Kx is not ample; we then go to the canonical model and 
analyse this singular variety to obtain 

Theorem Let X be a smooth projective threefold with Kx big and nef; let : X — >Y be 
the canonical model. 

( 1) The universal cover Y of Y is of the form Y ~ A x S with A C C the unit disc 
and S a surface with only rational double points as singularities. 

( 2) If g : S — >S denotes the minimal resolution, then the universal cover X of X is of 
the form 

X ~ A x S 

and 4> — idA x g- This decomposition is compatible with the decomposition Tx = L © V, 
i.e. X splits diagonally with respect to Tx = L © V. 

In higher dimensions we study Fano manifolds. Since these are simply connected, we only 
need to study a decomposition Tx = E\ © into 2 factors. Moreover it is easy to see 
that hi (X) > 2, so that Mori theory can be used again. We obtain: 

Theorem Let X be a Fano n—fold. Assume that n < 5 or that every contraction of an 
extremal ray contracts a standard rational curve (see Def. 1.1). If Tx = E\ © E2, then 
X ~ Z\ x Zi diagonally. 

There is an interesting problem on rational curves which is the obstacle to extend this 
theorem to higher dimensions. We say that a rational curve / : Pi — >X is standard if 

r(^) = 0(2)®$0(oi) 
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with all dj < 1 (but might be negative). It is well known that uniruled varieties always 
contain standard rational curves, even with all Oj > 0. Now the problem reads: 

Problem Let X be a projective manifold, ip : X — >Y an extremal contraction, i.e. — Kx 
is <p— ample. Is there a standard rational curve contracted by <p? 

If dim!" < dimX, then the answer is yes by the last remark. The answer is also 
positive if ip is the blow-up of a submanifold, but in general the fibers of a birational 
contraction can be very bad, so that new arguments are needed. If this problem has a 
positive solution, then the last theorem holds in any dimension. 

0. Notations and basic material 

0.1 Notations 

(1) The universal cover of a complex manifold X will be always be denoted by h : X — >X. 

(2) Given a complex manifold X with a splitting T x = 0^=1 E i: we let r; be the rank of 
the vector bundle Ei and denote Lj = det-E^. 

(3) A vector bundle E on a projective manifold is almost nef, if there is a countable family 
(Ai) of proper subvarieties 4, C X, such that E\C is nef for all curves C <f_ \J i Ai. 

0.2 Definition Let X be a compact complex manifold. 

(1) We say that X splits, if there is a decomposition X = Yl i=1 Ai with complex manifolds 
■\, 

(2) We say that X it splits diagonally, if there exists a decomposition X = Y[ Ai and a 
decomposition T x = -Ei such that h*(Ei) = p*(Ta.), where pi is the projection 
onto Ai. We will often write instead of p*(TaJ. 

(3) Suppose that Tx = Ei. We say that X splits diagonally with respect to Tx = Ei, 
if X = Y\ A i such that T A . = h*{Ei). 

The following observation is trivial but important 

0.3 Obvious Fact Suppose Tx = @Ei. If X splits diagonally w.r.t the splitting of Tx, 
then all bundles i6/ E t are integrable (/ C {1, . . . , k}). 

Given a splitting Tx = ©^ = i -E^ we obtain a direct sum decomposition 

ii + ...+i fe =q 

Hence fJ* is a subbundle of O^. Then we have 

0.4 Lemma Let X be a compact Kahler manifold with Tx = 0^. Then 

m 

c m (Ei) G H m (X, /\E*)C H m (X, 
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for all m and all i. 

For the Proof we essentially refer to [Be99], Lemma 3.1. The reason is that c m {Ej) can 
be computed from the Atiyah class at(E) and that at(E) is in H X (X, E* <g> End(-Ei)). 

0.5 Theorem Let X be a compact Kahler manifold, Tx = © Ei a splitting. Then X splits 
diagonally w.r.t. to the given splitting of Tx if one of the following holds. 
(1) (Beauville) X is Kahler- Einstein; 
(2) (Beauville) dimX = 2; 

( 3) (Druel) X is projective, all E^ have rank 1 and one of the following holds: Kx is 
nef or © ie/ Ei is integrable for all I C {1,2,..., k}. 

The proof are found in [Be99] and [Dr99] . 

0.6 Notation 

(1) An orbifold(of dimension n) is a normal complex space X , such that every x G X has 
an open neighborhood U and a biholomorphic map hjj : U — >V/G where V E C n is an 
open set and G C Gl(n, C)) is a finite group such U is G— stable. 

(2) The tangent bundle (sheaf Tx of X is by definition the dual of the sheaf of Kahler 
differentials; actually we have Tx = i*(Tx ieg ) where i : X reg — >X is the inclusion map. 

(3) A Kahler orbifold metric on X is a Kahler metric g on X reg with Kahler form u such 
that h*{uj) extends to V for all charts h as in (1). 

Then we have the following theorem of de Rham: 

0.7 Theorem Let X be a simply connected complete Kahler orbifold. Then 

X~Y[Xi 

where the X^ are irreducible complete Kahler orbifolds, i.e. they have irreducible holon- 
omy. 

The proof is just a tedious translation of the arguments given in [KN63] to the orbifold 
case. We leave any details to the reader. 

1. Birational contractions and standard rational curves 

In this section we study projective manifolds with splitting tangent bundle which admit a 
birational Mori contraction. We fix the splitting 

k 

Tx = ®E i . 

i=l 
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The following notion of standard rational curves will play an important role in our consid- 
erations. 

1.1 Definition A rational curve C C X with normalisation / : Pi — >X is standard if 

/*(T x ) = O(2)e0O(a i ) 
with all ai <1 (but a; might be negative). 

1.2 Lemma Let X be a smooth uniruled variety. Then there exists a standard rational 
curve C C X with Tx\C nef. 

Proof. Hwang-Mok [HM98] and Kollar [Ko96,IV.2.10]. 

One of the special features of standard rational curves in the context of splitting tangent 
bundles is given by 

1.3 Lemma Suppose Tx = @ Ei. Let C C X be a standard rational curve. After possible 
renumeration we may assume f*(Ej) = @(9(aj) with all < 1 for j > 2, hence Tq C 
Ei\C. Then Lj • C = 0, (j < k), where Li = det Ei. 

IfT x \C is even nef, i.e. all a, > 0, then E 3 \C = 0$ ri for k> j > 2. 
Here we started the abuse of notation to omit the normalisation /*. 

Proof. Since all a l < 1, we have H X {E^\C) = 0, hence ci(£*]C) = by (0.4), i.e. 
Lj ■ C = for j < k. The rest is clear. 

The following is an easy consequence of (1.2). Here we use the notion of an almost nef 
vector bundle in the sense of [DPS00]: E is almost ample if there exists a countable union 
B of proper subvarieties such that E\C is nef for every curve C not contained in B. 

1.4 Proposition Let X be a projective manifold, <p : X — >Y the contraction of an extremal 
ray (or face). Suppose that <p has (ideal-theoretically) a non-trivial smooth fiber F or set- 
theoretically a smooth fiber F with almost nef normal bundle. Then there exists a standard 
rational curve C C X with dim</?(C) = 0. 

Proof. Since — Kx is (p— ample, F is Fano. Take a standard rational curve C C F with 
T F \C nef. Consider the exact sequence 

— >T F \C — >T X \C — >N F/X \C — >0. (*) 

By our assumptions on F, the conormal bundle N F \C is either spanned by global sections 
or almost nef, hence N F ^ X \C is nef so that (*) splits and our claim follows (one can also 
argue with any extremal rational curve). 
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1.5 Corollary Let X be a smooth projective threefold and ip : X — >Y an extremal con- 
traction. Then there exists a standard rational curve C contracted by cp. 

Proof. The proof goes either by direct inspection of Mori's classification of threefold 
contractions [Mo82] or by applying (1.4) and by observing that the only case where <p> does 
not have set-theoretically a smooth fiber with the required normal bundle (for applying 
(1.4)) is when <p> contracts a quadric cone. In this last case we can just take C to be a line 
in the quadric cone. 

1.6 Problem Let X be a projective manifold, cp : X — >Y an extremal contraction. Is 
there a standard rational curve contracted by <p>? 

(1.7) A possible approach to (1.6) is as follows. We need to find V C Hom(Pi,X) 
generically unsplit (in the sense of Kollar [Ko96]) such that the curves of the family (Ct) 
defined by V are contracted to points by <p and such that 



Here the ai are just the positive (or non-negative) entries of f*(Tx), where ft is the 
normalisation of Ct and t is general. Moreover Locus(y) denotes the subvariety filled up 
by the family (C t ). 

Observe that if we take just some family satisfying (*), then by [Ko96,IV.2.4] we can pass 
to a generically unsplit family, but then possibly (*) is violated for this new family. 

Notice that if F is smooth, this can be achieved just by taking a (generically) free family 
whose general member is standard ([Ko96,IV.2.9]). 

Now suppose that (*) holds. First we observe that 



Here Locus(V, 0, x) denotes the set offeV with /(0) = x E X. Moreover by [Ko96,IV.2.5]: 



k 




(*) 



dimLocus(V, 0, x) < card{i|ai > 1}. 



(**) 



dim V = dim Locus( V) + dim Locus( V, 0, x) + 1. 



(* * *) 



Then (**) and (***) yield 



dim!/ < dimLocus(y) + card{z|ai > 1} + 1, 




This in turn implies say a\ = 2 and cxj < 1 for i > 2. 
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1.8 Proposition Let X be a projective manifold with Tx = ©-E^- Let tp : X — >Y be an 

extremal contraction. 

(1) If Lj = detEj is not ip— trivial, then dimF < rj = rkEj for all fibers F of <p. 

(2) dimF < max(ri, . . . , rjt). 

(3) Suppose some fiber of <p contains a standard rational curve (e.g. dimY < dimX 
or <p has a smooth non-trivial fiber). Then all but one of the Li are ip— trivial, and the 
remaining one is tp— ample. 

Proof. (1) If dimF > rj, then, noticing that Lj\F is either ample or its dual is ample, 
we obtain 

c 1 (L J \Fp+ 1 ^0. 

This contradicts (0.4). 

(2) This is clear: — Kx = L\ <g> . . . <g> Lk, on the other hand —Kx is <p— ample, so not all 
Li can be <p— trivial. 

(3) This is again clear by (1.3). 

1.9 Corollary Let X be a smooth projective threefold with a splitting Tx = L © V. 
Let ip : X — >Y be a birational extremal contraction with exceptional divisor D. Then 
dim if (D) = 1, so that Y is smooth and <p is the blow-up along the smooth curve <p(D). 

Proof. Assume dim <p(D) = 0. Then by (1.8), L cannot be (p— trivial. Let I be a standard 
rational curve contracted by (p (1.5). Then T x \l = 0(2) © O{o) © 0(b) with a, b < 1. Then 
L\l = T\ by (0.4). Now D is either P2, a smooth quadric or a quadric cone. In the first 
two cases we take / to be a line or a ruling line and immediately get a contradiction (there 
are lines through one point, having different tangent directions). In the quadric cone case 
we take / to be a line through the vertex and perform the same argument. 

1.10 Proposition Let X be a smooth projective threefold with a splitting Tx = L © V. 
Let ip : X — >Y be a birational contraction. Then Y is smooth, ip is the blow-up along a 
smooth curve; V = tp*(L) and V = <p*(V)** are locally free with L = <p*(L') such that 

T Y =L' © V. 

Moreover if the universal cover Y of Y splits (diagonally with respect to Ty = L' © V ), 
then X splits (diagonally with respect to Tx = L © V). 

Proof. (1) By (1.9) we know that Y is smooth and that <p is the blow-up along the smooth 
curve ip(D). Let / be a non-trivial fiber of <p. Then T x \l = 0(2) © O © O(-l). Now (1.3) 
implies that L\l = O and Tc C V\C. In particular L = ip*(L') with some line bundle V 
on Y (necessarily L' = ip*(L)). It is moreover clear that V C Ty is a subbundle (L has 
no tangent direction on the fibers of (p.) We also have 

V © (p*(V) = v?*(L) © (p*(V) = <p*(Tx) C T Y . 
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Thus 

T Y = (v?*(T x ))** = L' © (<p*(V))** = L'@ V. 

In particular V is locally free. Now the splitting maps Tx — >L and Tx — >V yield maps 
Ty — >V and Ty — >V which give a splitting first on7\ <p(D), hence everywhere. 

(2) It remains to prove the assertion on the universal cover. First we do the diagonal 
case. So assume Y = A' x B' . Since iri(X) = 7r\(Y), we have X = X Xy Y . Suppose 
Y = A' x B' and, letting g : Y — >Y be the projection, we moreover have Ta> = 9*{L') 
and T B , = g*(V). Let 

X = X XyY 

with projection / : X — >X, then X is the universal cover of X and the induced map 
(p : X — >Y is the blow-up of Z = g^^D)). Then ^~ 1 {A' x {&}) and^ _1 ({a} x B ') 
are the leaves of f*(L) resp. f*(V). This gives clearly a decomposition X = A x B with 
A = A' and with B = {a} x S — >{a} x B' = B' the blow-up of Z n {a} x B' . 

(3) Finally we have to do the case that the splitting Y = A' x B' is not diagonal, i.e. V is 
not integrable. (to be done). 

(1.11) As conclusion we have reduced the study of threefolds X with Tx = L © V to the 
two following cases: 

(a) Kx is nef; 

(b) X admits a contraction (p : X — >Y with dimF < dimX; in particular X is uniruled. 

2. Projective bundles, conic bundles and del Pezzo fibrations 

We consider again a smooth projective threefold X with T x = L@V. We suppose moreover 
that there is a contraction ip : X — >Y with dimy = 2 or dimy = 1, i.e. we have a fiber 
space by conies or del Pezzo surfaces. We begin with the conic bundle case. We shall 
see that the contractions are all submersion, therefore we are lead to consider projective 
bundles. We shall start with these and will not need any dimension restriction here. 

2.1 Definition A vector bundle E of rank r on the projective (or Kahler) manifold X is 
called numerically flat, if the Q— bundle E © detE is nef, which is the same as to say that 
S r E © det E* is nef. 

For details on numerically trivial vector bundles we refer to [DPS94], in particular for a 
proof of 

2.2 Proposition Let X be a projective or compact Kahler manifold. Let E be a numerically 
flat vector bundle on X. Then there exists a filtration 

= E C E x C . . . C E p = E 

by vector subbundles such that the graded pieces Ei+i/Ei are unitary flat, i.e. defined by 
unitary representations of%i(X). 
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Proposition 2.2 has the following consequence 

2.3 Proposition Let E be a numerically flat vector bundle on the compact Kahler manifold 
X. Let h : X — >X be the universal cover. Then h*(E) = O^. 

Proof, (a) The case that E is unitary flat is obvious. 

(b) Next we consider the case of an exact sequence 

— >F — >E — >G — >0 (*) 

where both F and G are unitary flat. Then by (a) h*(F) and h*(G) are both trivial. Let 
C G H 1 (X,F®G*) be the extension class defining (*). Then we must show that h*{Q = 0. 
Since F <g> G* is unitary flat, this follows from the 

2.4 Fact Let V r be a unitary flat bundle, C e H X (X, V). Then h*(() = 0. 
(Notice however that O-^) might not vanish). 

Proof of the fact: V is given by a local system E. Hodge theory therefore yields an 
epimorphism 

H X {X, E) — >H 1 (X, E). 

So we have an epimorphism 

h*H\X, E) — >h*H\X, E). 
Since h*(E) = lxC r , it follows 

H\X,h*(E)) = 0, 
hence h*(() = in H\X, h*{E)) = 0, too. 

(c) Now we approach the general case in the proof of 2.3. We have an exact sequence 

0— >0, z > 1, 

and by (b) and induction resp. our assumption, both h*{Ei) and h*{E i+ \/ Ei) are trivial. 
Denoting 

QeH\X, (E i+1 /Ei)*®Ei) 

the extension of the above exact sequence, we need to show that h*(() = 0. This is done 
by considering the induced sequence 

0— ® Ei^^Ei+t/Ei)* ® Ei-^iEi+x/Ei)* ® Ei/E^^O, 
taking h* and proceeding inductively using 2.4 
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Before we can treat projective bundles, we need some preparations. The first one is classical 
and due to Ehresmann: 

2.5 Proposition Let <p : X — >Y be a surjective fiber bundle of complex manifolds with 
typical fiber F such that 

— m/?*(0^) — >Q X — >Q X/Y — >° 

splits. This exhibits a vector bundle E C Vt x which is mapped isomorphically onto Q X /y 
We say that the splitting is integrable or that E is integrable if 

dE CE AQ X . 

Equivalently, V = (Q x /E)* is integrable in the usual sense, i.e. closed under the Lie 
bracket. In that case there is a representation p : iri(Y) — >Aut(F) so that iri(Y) acts on 
F via p. 

Moreover X is the fiber bundle over Y with fiber F given by (Y x F)/tt\{Y). Finally the 
splitting X = Y x F is diagonal with respect to the above splitting. 

Proof. [Eh50], cp. [Be99]. 

2.6 Proposition Let C be an irreducible reduced compact curve and E a vector bundle of 
rank r + 1 on C. Let X = P(E) with projection p : X — >C. Suppose that the sequence 

>p* (tt C ) ^P(E) ^P(E) /C ^0 

splits. Then E' = E <8> is numerically flat. 

Proof, (a) In case C is smooth, we notice that the splitting is automatically integrable so 
that (2.5) applies. Hence X is defined by a representation 

m(C) — >Aut(P r ) = PGl(r + 1, C), 

i.e. E is projectively flat. Using the exact sequence 

— >p r+1 — >Sl(r + 1, C) — >PGl(r + 1, C) — >0, 

and tensoring E suitably, we find an etale cover / : C — >C of degree r such that E = f*(E) 
is given by the lifted representation 

p: TriCC)— >S7(r+l,C). 

Hence E is flat, in particular E is nef. Since also detE is flat, E and E are both numerically 
flat. 
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(b) Now suppose C singular and let C — >C be the normalisation. Let E = h*(E) and put 
X = ~P(E) with projection p : X — >C. It is sufficient to show that 

splits; then by (a) E, hence E, is numerically flat after normalising to c\ = 0. This splitting 
now is obtained by an easy diagram chase from the lifted splitting on X. 

Now we are able to treat general P r — bundles. 

2.7 Theorem Let X be a projective manifold with P r — bundle structure <p : X — >Y. 
Suppose that 

0^T x/Y ^T x ^<p*{T Y )^0 

resp. 

o — xp*(n Y ) — >n x — >n x/Y — >o (S) 

splits. Then 

(1) X = Y x P r . 

(2) If the splitting (S) is integrable, then the splitting X = Y x P r is diagonal with respect 
to (S), hence X = (Y x P r )/7Ti(Y), where tti(Y) acts on P r via a representation p : 
7Tl(Y) — ►Aut(P r ). 

(3) Suppose X = P(V) with a vector bundle V of rank r. Then the Q— bundle V £g> 
is numerically flat. 

Proof. (I) First we assume that X = P(V). Let V = V <S> ^pr- In order to prove (3), it 
is sufficient to show that the Q— bundle V is nef. So let C C X be an irreducible curve. 
Let X c = V~ X {C) = P(V|C). Then 

Q} Xc ~^(Q} c )®Sl Xc/c , 

as one checks easily. So by (2.6), V'\C is numerically flat, in particular nef. So V is nef. 
This proves (3). 

Now (r + l)dety' is a well-defined flat line bundle. Therefore we find a finite etale cover 
g : Y — >Y such that g*(detV) is Cartier, or, in other words, the determinant of g*(V) 
is divisible in Pic(Y) by r + 1. So we may assume that det V itself is divisible by r + 1 in 
Pic(Y). 

Then h*(V) = O x by (2.3), in particular X = Y x P r . This proves (1). 

Finally (2) follows from (2.5), independently whether X comes from a vector bundle or 
not. 

(II) It remains to prove (1) in the general case. Since Y is simply connected, there exists 
a vector bundle V over Y such that X = P r (V) (the obstruction lies in 

H 2 (Y,Z r+1 ) ~#!(Y,Z r+1 ) = 0). 
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Now consider the vector bundle 

E = tp*(-K x/Y ). 

By 2.6 E\C is numerically flat for every curve C C Y. Hence E itself is numerically flat. 
By 2.3, h Y (E) = Og. Now we conclude by Lemma 2.7.1. 

2.7.1 Lemm&Let Y be a complex manifold and X a P r — bundle over Y with projection 
cp : X — >Y. Suppose that <p*{-K x / Y ) = Oy +1 . Then I-7xP r . 

Proof. Let L = —K x /y- The canonical epimorphism 
induces a map 

X = P(L)— Pfa^L)) = P((^ +1 ) = Y x P N . 

Let / : X — >Ptv be the induced map. Then / is given by N + 1 sections in L whose 
images trivialise (p*(L) = Oy +1 - Since ci(L) r+1 = 0, we have dimf(X) < r. On the other 
hand, f\^p~ 1 (y) is an embedding for all y E Y, so dim/(X) = r and actually f(X) = P r . 
Now the fibers of / and ip meet transversally, so that the induced map 

X — >Y x P r 

is an isomorphism. 

We return to our original aim to investigate contractions <p : X — >Y of a smooth projective 
threefold X with T x = L © V. 

2.8 Theorem Suppose dimY~ = 2. Then cp is a Pi — bundle and hence X = Y x Pi. 
Moreover either 

(a) L = tp*(L') with a line bundle V on Y and Ty = L' © V' with a line bundle V . In 
this case V is integrable and X splits diagonally with respect to T x = L © V. Or 

(b) L = Tx/y- I n this case V is not necessarily integrable. 

Proof. Assume that ip is not a Pi— bundle. Then the general singular fiber is a reducible 
conic d + C 2 (Ci ^ C 2 .) We have T X \C % = 0(2) © O © O(-l). Then (1.3) implies 
Tci = L\Ci contradicting the fact that C\ and C 2 meet tranversally. So p is a Pi— bundle 
(analytically) . 

(a) Suppose that the canonical map 7 : T x /y — >L vanishes. Then T x /y C V and (1.3) 
implies that L c = O c for all fibers C of ip and that V\C = O c (2) © O c (-2). Hence 
L = <p*(L') for some line bundle V on Y. In other words, the tangent map 

Tp\L : L — >L' 
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is an isomorphism. Then the splitting T x — >L yields a splitting map T Y — >L'. Writing 
T Y = L' © Q' ', it is clear that we have a sequence 

0— T X/y — V— ^*(Q')— 0. 

By Beauville [Be99], the universal cover Y splits as Y = A\ x A 2 with projections pi : 
Ai — > y and such that = p*(L') and Ta 2 = p*{Q'). Then the local product structure 
of X = 1 Xj>F (i.e. locally over Y - ) yields the integrability of V and therefore by (2.5) X 
splits diagonally with respect to Tx = L © V. 

(b) If 7 ^ 0, then 7 is injective, and L c = O c , V c = O © 0(-2) for all fibers C of </?. 
Hence T x /y — >V vanishes and L = T x /y- F° r a non-integrable example, see [Dr99]. 

2.9 Theorem Suppose dimy = 1. Then <p is a P2 — bundle, and X splits diagonally with 
respect to T x = L®V. 

Proof, (a) First we show that ip is a P2— bundle. It is sufficient to know that the general 
fiber of ip is P2 [Mo82]. If not, then F is Pi x P 1 or some other del Pezzo surface, just 
called del Pezzo for simplicity. If F is del Pezzo, choose a (—1)— curve / C F. Then 

T x \l = 0(2) ©0©0(-l). 

Then (1.3) yields L\l = Oi, hence L is ip— trivial. It follows that the canonical map 
7 : Tx/y — > L vanishes, hence Tx/y C V. This however says that Tx/y = V, and since all 
fibers of ip are reduced ([Mo82]), <p must be a submersion. Now apply the Leray spectral 
sequence to obtain 

H 2 (X, Z) = H 2 (Y, Z) © H°(Y, i?V*(Z)). 

Hence 62 (X) = 62 (F) + 62 (Y) > 2 + 62 (^) contradicting the fact that <p is the contraction 
of an extremal ray, which implies that 62 (X) = 6 2 (Y) + 1. 

So F cannot be del Pezzo. 

The case that F = Pi x Pi is ruled out in the same way by choosing / to be a ruling line 
in such a way that T\ ^ L\. 

(b) So ip is a P2— bundle. Applying once again (1.3) we see that L\l = O and V\l = 
(9(2) © C(l) for every line / in a fiber of <p. Thus L = (p*(T Y ) and F = T x /y so that we 
can apply (2.5) and conclude. 

In total we have proved 

2.10 Theorem Let X be a smooth projective threefold with k(X) = —00. Suppose Tx = 
L © V. Then X splits. The splitting is diagonal with respect to Tx = L © V unless the 
following holds: X is the successive blow-up along smooth curves in a smooth projective 
threefold Y , the splitting Tx = L © V induces canonically a splitting Ty = L' © V and 
there is a Pi — bundle structure ifj : Y — >Z such that L' = T Y / Z . 
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In order to get results in higher dimensions one would have to consider contractions ip : 
X — >Y of fiber type, assuming Tx = Ei@E 2 . One expects that one of the E± is (p— trivial. 
We come back to this situation in the next section when we consider Fano manifolds. 



3. Fano Manifolds 



In this section we fix a Fano manifold X of dimension n with a splitting Tx = ©j = i E^. 
Arguing inductively and having in mind that Fano manifolds are simply connected, we 
may assume k = 2. Let = rkEi and put Li = det-E^. 

3.1 Proposition We have b 2 (X) > 2. 

Proof. Suppose b 2 (X) = 1 and write detEi = Ox(mi), where is the ample 

generator of Pic(X) = Z. By (0.4) we have ci(E i ) t = for t > r i7 therefore r»i = for all 
i. On the other hand < C\(X) = X] m i? contradiction. 

3.2 Remark The same proof shows that the tangent bundle of a projective manifold X 
with K x ample and p{X) = 1 cannot split. If K x = 0, the last remaining case if p(X) = 1, 
Beauville's decomposition theorem applies and also easily yields a contradiction. Hence 
the tangent bundle of a projective manifold with p(X) = 1 never splits. 

The significance of (1.6) in our context is given by 

3.3 Theorem Let X be a Fano manifold with Tx = E\ © E 2 . Suppose that (1.6) has 
a positive solution (e.g. every contraction of X has a non-trivial smooth fiber). Then 
X -Z 1 x Z 2 and T Zl = P*{E-). 

Proof. Let (p : X — > Y be some contraction defined by the ray R = R[Z]. Then Lj -l = for 
some i, say i = 1, by (1.3) and our assumption. Since —K x -l > and since — K x = Li®L 2 , 
we conclude that L 2 ■ I > 0. 

It follows that Li ■ lj > for all extremal curves lj and i = 1,2. Hence Li are both nef by 
the cone theorem. Now by (0.4) we obtain 



Since by the base point free theorem both Li are semi-ample and therefore define mor- 
phisms ipi : X — >Zi to normal projective varieties Zj. Both ip are contractions of extremal 
faces. By (*) we have dim Zi = ri. 

We claim that ip := ipi x ip 2 '■ X — >Z\ x Z 2 is an isomorphism. Since L\ ■ C = implies 
L 2 ■ C > for every extremal rational curve and vice versa, this actually holds for every 




In particular 



L? + 0, L r t i+1 = 0. 



(*) 
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curve C, hence V^lV'f (z) is always finite and vice versa. Therefore ip is finite onto its 
image. Since dim(Zi x Z2) = T\ + = n, ip is surjective and finite. Let F be a general 
fiber of ipi, then F is Fano. Let C C F be a smooth rational curve with Tp\C ample; then 
Tx\C is nef. Since L\\C = Oc and since E\\C is nef as quotient of Tx\C, it follows that 
E\\C — Oq. Therefore the composed map 

Tp I C — *Tx I C — >E\ I C 

vanishes (remember Tp\C ample) and hence, varying C, Tp is a subbundle of E2\F. Since 
rkTp = rki?2, we conclude T F = E 2 \F. 

Hence E2 is generically integrable, hence integrable. All fiber of ipi are clearly leaves of E2. 
By symmetry, Ei is integrable, too, and all fibers of (p 2 are leaves of E\. Thus (p\~ (x) and 
(p% (y) are smooth and transversal at every intersection point. In particular ip^tp^iy) is 
etale (and surjective) over Z\. But (p^ 1 is Fano, hence simply connected and so <pi\<p 2 (y) 
is an isomorphism. This same holds for (p2\<p 1 ~ 1 (x) and thus ip is an isomorphism. The 
proof also shows that the splitting is diagonal. 

We have used (1.6) only in order to make sure that the line bundles Li are ip— nef for all 
contractions (p, i.e. that the Li are nef. Therefore we can state 

3.4 Proposition If L\ and L2 are nef (in (3.3), then X ~ Z\ x Z2 and the splitting is 
diagonal. 

Of course the nefness of the Lj is also necessary for the splitting. 

We next show that we have splitting (without assuming (1.6)) if the rank of say Ex is 
small. 

3.5 Theorem Let X be Fano with Tx = Ei@E 2 IfrkEi = 1, then X ~ Z\ x Z 2 diagonally. 

Proof. By (3.4) we only need to show that L\ and L2 are nef. Suppose that one Li is not 
<p— nef for some contraction <p>. Since —Kx = L\ + L2, it follows that L\ is not <p>— trivial. 
Hence dimip~ 1 (y) < 1 for all y by (1.8)(1). Let F be an irreducible (reduced) component 
of tp' 1 ^). Then F ~ Pi since i?V*(O x ) = 0. Moreover v? _1 (y) = ^, see [AW97,1.6]. 
Hence we can apply (1.8) (3) and derive a contradiction. 

3.6 Theorem Let X be Fano with T x = E x © E 2 . If rkE t = 2, then X ~ Z t x Z 2 
diagonally. 

Proof. We proceed as in (3.5) and assume that some Li is not ip— nef. So L\ is not 
ip— trivial. Let F be a non-trivial fiber (with reduced structure). Then dimF < 2 by (1.8). 
If F contains a component of dimension 1, we conclude again by [AW97,1.6]. Hence F is 
purely 2-dimensional. By [AW97,1.19], any irreducible component F of F is either a P2 or 
a Hirzebruch surface P(C © 0{— k)), or a Hirzebruch surface (k > 2) with the exceptional 
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section blown down. In the first two cases we conclude by (1.8). The last requires some 
more work. Let 

F = P(O®O(-k))^F 

be the minimal desingularisation. Let Co C F be the exceptional section, I C F a ruling 
line and set / = cr(l). We claim that / is a standard rational curve; then we will be done 
again by (1.8). 

We consider the exact sequence 

0^(T F \l)/tov^T x \l^N F]x \l. 

Since N F ^ x \l is generically spanned, we only have to investigate the inclusion V := 
(Tp|/)/tor C Tx\L Observe that the epimorphism 

Q x \l — >Q F \l — >0 

yields a vector bundle epimorphism 

tt x \l — >(Q F \l)/toi — >0. 

Therefore 

V= (fi^lO/tor)* 
is a subbundle of Tx\L So we obtain a vector bundle sequence 

— >V — >T x \l — >Cokera — >0 

with (Cokera)* being nef. Hence things come down to prove 

V\l = 0(2) 0(a) (*) 

with a < 1. In order to verify (*) we consider the analytic preimage cr _1 (/)=/ + //(fc)Co. 
Then we have an epimorphism 

**(iv; /F )^iv;_ 1(0/i ^o; 

hence 

(a*(iv; /F /tor)|[=iv;„ 1(0/ ^|/~. 

Now we use the exact sequence 

> M* -\l >N- >N- >0 

and observe that = O. Since N~ _ x is supported at / fl Co, which is just one point 
and since the stalk at that point has dimension 1, we conclude 
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Hence a*(N* /F /tor) = 0(-l) by (*) and thus 

N l/F /tov = 0(l). 

From 

0— >T,— >2>|Z— >W IAF 

we obtain an exact sequence 

0— >T,— >V = (T F \l)/toi^N l/F /toT = 0(1) 
and thus V = 0(2) © O(a) with a < 1, proving (*) and therefore the theorem. 

3.7 Corollary Let X be a Fano n-fold, n < 5. // T x = E 1 © i? 2 , ^en X ~ Z 1 x Z 2 
diagonally. 

3.8 Remark Notice that the proof of (3.6) provides a positive answer to the problem 1.6 
in case ip is birational with some non-trivial fiber of dimension at most 2. So in dimension 
4 it only remains to treat the case that <p contracts a divisor to a point. 
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4. The Case k(X) = 3 



In our study of threefolds X with splitting tangent bundles the previous sections reduce 
us to K x nef. If k(X) = 0, then mK x = Ox for a suitable positive m. Then by the 
decomposition theorem [Be83], we obtain the diagonal splitting of X we are looking for. 
This holds in all dimensions. In this section we treat the case that k(X) = dimX = 3, 
i.e. Kx is big and nef in connection with our splitting Tx = L © V. The remaining cases 
k(X) = 1, 2 will be treated in the second part of this paper. 

By [Be99] (see 0.5) we may assume that Kx is not ample (if Kx is ample, then X is Kahler- 
Einstein), therefore we have a non-trivial morphism (with connected fibers) <j> : X — >Y to 
the canonical model of X, given by the base point free linear system |m.Kx| for suitable 
large m. The threefold Y has only canonical singularities and the Q— divisor Ky is ample. 
We denote by B C Y the exceptional locus of <p in Y, this is nothing than the singularity 
set of Y. Furthermore let E = <p~ 1 (B). 

Our aim is to prove 

4.1 Theorem Let X be a smooth projective threefold Kx big and nef such that Tx = L@V ; 
let 4> : X — >Y be the canonical model. 

( 1) The universal cover Y of Y is of the form Y ~ A x S with A C C the unit disc 
and S a surface with only rational double points as singularities. 

( 2) If g : S — >S denotes the minimal resolution, then the universal cover X of X is of 
the form 

X ~ A x S 

and 4> ~ idA x g- This decomposition is compatible with the decomposition Tx = L © V, 
i.e. X splits diagonally with respect to Tx = L © V. 

So locally (in Y) we have a product structure Y ~ A x W with a surface W having 
only rational double points so that (semi-locally) I^Cxf with W — >W the minimal 
resolution. In particular B = C x SingVF with a smooth curve C, i.e. B consists of a 
disconnected union of smooth curves. Our strategy will be to first establish this local 
product structure in Y; in particular this shows that Y is an orbifold, i.e. Y is locally of 
the form C 3 /G. Then we will use the theory of orbifolds to conclude. 

We start with an easy lemma which we will use frequently. 

4.2 Lemma Let X be a smooth complex threefold with mKx = Ox for some positive 
integer m. Let Y be a normal Stein space and f : X — >Y be a proper surjective bimero- 
morphic map. Suppose that the fibers of f have dimension at most 1. Suppose furthermore 
R 1 f*(Ox) = 0. Let C C f~ 1 (y) be an irreducible curve. Then C ~ Pi with normal bundle 
N C \ X = O(a) © 0(b) and (a, b) = (-1, -1), (0, -2), (1, -3). 

Proof. We follow the arguments of Laufer [La81]. Let X denote the ideal of C C X. Since 
Y is Stein, our vanishing assumption immediately gives 

H\X, Ox)=H 1 (Y,O Y )=0. 
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Therefore H 1 (X,T) = via 

H° (X, O x )^H°(C, (Dc)^H 1 (X, X) — 0. 
Moreover an easy Leray spectral sequence argument yields 

H 2 (X,1 2 ) = 

(here we use the assumption that there are no 2-dimensional fibers). Thus the exact 
sequence 

H\X,l)-^H 1 (Ca/^ 2 )^H 2 (Xa 2 ) 

proves 

H 1 (C,N^) = 0. (*) 

Let F denote the reduced fiber f~ 1 (y). Then the vanishing E^-^^Ox) = implies (via 
the theorem on formal functions and the vanishing H 2 (F, X^/X^" 1 " 1 ) for all \i > 1) that 
H X (F, O f ) = (having still in mind dimF = 1.) Hence H X {C, O c ) = and C ~ Pi- Since 
Kx|C = by our assumption on ifj, we have a + b = —2. Now (*) implies the claim on 
the normal bundle. 

4.3 Proposition L and V are integrable. 

Proof. By [En87] Tx is Kx — semistable. Then it is immediately verified that 

c 1 {L).K 2 x = 1 -c 1 {V).K x = l -K x . 

Therefore by [Su90,7.1] every x G X \ E has a neighborhood U of the form U = V x V' 
such that 

T u =p*(T v )®p'*(T v ,). 

Hence L and V are generically integrable, hence everywhere integrable (the integrability 
of L is anyway clear by reasons of rank). 

4.4 Corollary Every point x G X admits a neighborhood U = U\ x Ui such that (by abuse 
of notation) Tu 1 = L and Tjj 2 = V. 

We now establish the local product structure in Y. 

4.5 Proposition The exceptional locus B C Y is smooth and for every b G B there are 
open neighborhoods U of b G Y and V of b G B and there is a surface W admitting a 
rational double point as only singular point such that U ~ V x W. In particular Y is an 
orbifold. 

Proof. (4.5.1) In a first step we show that cj> does not contract divisors to points. 
So assume to the contrary the existence of an irreducible divisor Eq C E such that 
dim0(£'o) = 0. First we claim that the canonical map 

Nt — >L% 
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obtained by composing N Eq — ►O^l-^o and O^l-^o — >L E(j vanishes. In order to verify this 
claim, notice that 

H°(N E k o )^0 

for suitable large k (E is contained in a fiber!). It follows easily that any desingularisation 
of Eq has negative Kodaira dimension; just observe that sections in (N E ) k ° must have 
zeroes. Now we choose a covering family (It) of (generically irreducible) rational curves in 
E . Then E ■ L t < 0. If E ■ l t = 0, we see easily that - denoting / the normalisation of l t 
- f*(T x ) is nef, hence the deformations of l t cover X which is absurd. Hence 

E ■ l t < 0. (*) 

Next notice L • l t > 0. In fact, if L • l t < 0, then for the normalisation f t : Pi — >k we 
obtain 

^ i (p 1 ,/r(L*)) = o. 

This implies ci(f£(L t )) = 0, contradiction. Combining L.l t > with (*), we conclude that 
the map N E — > L* E vanishes. Hence L E(j C T Eo . This means that at least generically L Eo 
defines a foliation on Eo. 

Now we apply (4.4) taking over all notations. It follows that U = EqCiU has a projection 
U — >C to a possibly non-normal curve C C U2, and moreover - possibly after shrinking - 
U = U\ x C. We observe that 

n Eo =L Eo ®w*, 

where W* is the image of V E — >Q E . Locally of course, W* = Qq. 

Now we study the normalisation h : E — >Eq of Eq. Then E is smooth since locally 
E = U\ x C, where C is the normalisation of C. If we introduce L = h*(L Eo ) : then L is 
an integrable subbundle of T E This is clear from the local description of E. Let Q denote 
the quotient bundle. Then generically Q is a subbundle of T E . Since every point x G E 
has a neighborhood of the form U\ x C (shrinking C, of course), such that Tjj 1 = L, we 
conclude that = Q and therefore Q is a subbundle of T E everywhere, hence 

T E = L®Q. 

Since k(E) = —00, we thus have a Pi— bundle structure p : E — >B over a smooth curve B 
and either L = T B , Q = T E j B or vice versa [Be99]. Moreover we can write E = P(S) with 

a numerically flat rank 2 bundle S on B (2.6). Let Cq C E be a section with Cq minimal. 
Since S is flat, we have Cq = 0, cp. [Ha77,V.2]. Let F be a fiber of p. 

(A) Suppose first that E is smooth, hence E = E. Using the canonical vector bundle 
sequence 

— >N Eo — >V*\E — >W* — >0 

and 

K X \E = L*\E + detV*\E = 0, 
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we obtain W* = K Eo /b m case L = ^b anc ^ ^* = P*-^b m case Q = T B - In both cases 
we clearly have H 2 {Eq, det V^*) = and since 

c 2 (V\E )eH 2 (E ,detV*), 

we conclude c 2 (V A |E , ) = 0. On the other hand, C2(V\E ) can be computed by the above 
exact sequence and we easily obtain g(B) = 1. 

(B) Now we treat the case L = Tg. Write 

h*(K Eo ) = aC + bF. 

Since K Eo = N Eo and since E ■ F < for F = h(F), we have a < 0. Let N C E be the 
preimage of the non-normal locus of E. Write 

N = cC + dF. 

Then c > and either iV = or c > 2 (this is immediate by considering the subadj unction 
formula of a Gorenstein curve). Since K E = — 2Cq + (2g — 2)F, where g = g{B), the 
subadj unction formula 

Kz = h*(K Eo )-N 

yields c < 1, hence c = and E is normal, hence smooth. So E = E with a map 
p : -Eo — > B to the elliptic curve B (by (A)). Now we contract X along p : E — >B and 
obtain a birational morphism 

V> : X — >X' 

with ip(Eo) = B. Note that X' has canonical singularities, that Kx> is big and nef and 
that there is a birational map r : X' — >Y such that = r o ?/\ In particular 

i^T*(O X ') = (+) 

for g > 1. We claim that, S being elliptic, B cannot be an irreducible component of the 
fiber F' = t~ 1 (B) = r~ 1 {y). In fact, suppose the contrary. Let Fq be the closure of F'\B 
in F' . Let F' denote completion of X' along F' , analogously B and Fq. Let X be the ideal 
sheaf ofBcF and X that one of (B f] F ) C F . Then we immediately see that 

H 2 (F,1) = H 2 (F ,I ) = H 2 (F , Op o ). 
The last group vanishes because R 2 t*(Ox') = 0. Via the sequence 

H 1 (F, O p ) ^H 1 (B, Op)^H 2 (F, J) 
and via the obvious epimorphism 

H^B.O^H^B.O^ 
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we obtain H 1 (F, Op) ^ 0, contradicting (+). 

Thus we obtain an irreducible divisor E" C F' containing B. Let E' C X be the strict 
transform in X. Consider an irreducible curve C C EqC\E'. Since we also have L\E' C Tgy, 
the L— leaf through any x G C is contained in Eq(1E'. Therefore C must be a leaf of L and 
i?o H E' has to consist of disjoint sections of Eq — >B. Moreover E' has the same structure 
as £0 and we have a map p' : E' — >B with the Cj also being section of p'. We consider 
the map 

q : E U E' — >B. 

It is easily verified that we can blow down X along q to obtain a new birational map 
ip' : X — >X" . E.g. blow down X' along E" — >B and compose with 4>. Arguing with 
ip' as with if) we deduce the existence of a third divisor in <p~ 1 (y). This procedure must 
terminate, so that finally we find birational maps 

A : X — >Z, a : Z — >Y 

with cro A = cj) such that a~ 1 (y) contains an elliptic curve as irreducible component, which 
is a contradiction as before with r. This settles the case L = Tg. 

(C) Now suppose Q = Tg. Here p : E — >B descends to a Pi— bundle p : Eq — >B with 
B — >B the normalisation and E = E x B() B. 

Let ip : X — >X' be the contraction along p. Arguing as in (B) either B ~ Pi or there 
exists a divisor E' C (p~ y (where y = (p(E )) with B = ip(E ) C ip(E'). Then E n £?' 
contains some multi-section C of p. Take x£C and consider F x = p~ l (x). Then F x is the 
L— leaf through x. Again by L\E' C T^', we must have F x C This is absurd for general 
x, hence So = Pi- In particular E is smooth and we conclude by (A). 

(4.5.2) Now we know that all non-trivial fibers of <j> are 1-dimensional. By (4.2), all 
components C of these fibers are smooth rational curves. Moreover 

T X \C = 0(2) © 0(a) © 0(b) 

with (a, b) = (-1, -1), (0, -2), (1, -3). From (1.3), it follows that L c = 0(2) or L c = Cc- 
The case Lc = Oc(2), however, is ruled out again by 1.3. Thus Lc = Oc (so a = and 
b = —2) and Tc C Vc, hence C is contained in a leaf Vo of V. Now apply (4.4): every 
x G C has an open neighborhood t/" (x) = U\{x) x ^(x) with Tjj x = L and T[/ 2 = V. By 
conpactness of C we obtain xi, . . . , x r such that 

C C |J t/(^) =: t/. 

i 

Let t/2 := Ui U2(xi); then C/ is an open neighborhood of C C Vo. We obtain a projection 

7T : £/ — >L/ 2 
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by setting ir(x) := C x fl Vo, where C x is the L— leaf containing x £ U. The fibers of n are 
open parts of L— leaves. Fixing a point xq G C, we clearly may assume that every leaf V 
with V fl U =/0 meets £ Xo . Hence we find an open neighborhood W of xo in C Xo and a 
holomorphic map r : £/ — >VF by setting r(x) = V x fl £ Xo , V x denoting the V— leaf through 
#0- After a coordinate change, r _1 (0) = Vo n U and = A e = {z G C| \z\ < e}. Since the 
fibers of r and n meet only tranversally (the leaves C x and V y meet only transversally), 
the map 

t x tv : {7 — >A e x t/" 

is biholomorphic. Therefore C obviously deforms to the leaves r _1 (t). Hence E cannot 
contain any 1-dimensional irreducible component, so <p contracts only divisors to curves. 
If E Q C E is an irreducible component, then we deduce that E — xj)(E ) is a Pi— bundle 
and every fiber is a (—2)— curve some leaf V. To get the complete picture, consider the 
whole fiber <^ _1 (y) for y E B. Write 

( p-\y)=C 1 + ... + C r . 

Then all arguments made above for a single C also apply to Ci + . . .+C r as well. Identifying 
U with U x A e , it follows that (j)\U = ip x id, where ip is the blow-down of C\ + . . . + C r 
in the leaf Vo- This completes the proof of (4.5). 

Proof of Theorem 4.1 By (4.4) Y is an orbifold. Hence by Tian-Yau's result [TY87,] 
Theorem 2.2, there exists a Kahler-Einstein-orbifold metric u on Y; so [uj] G c\{Y). 

Let L' = ML)** and V = (f)*( v )**- Then 

T Y = L' © F'. 

Now this decomposition is orthogonal with respect to uj. This is seen as in the case of 
an ordinary manifold, following the arguments e.g. in [Ko87,p. 178/179] (proof of theorem 
V.8.3). The crucial vanishing result [Ko87,III.1.9] immediately generalises to the orbifold 
case. Finally the de Rham decomposition for orbifolds (0.7) applies and yields Part (1) of 
(4.1). Part (2) is then an obvious consequence of (1). 
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